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CONTINUOUS ∗-G-FRAME IN HILBERT C∗-MODULES
MOHAMED ROSSAFI AND SAMIR KABBAJ
Abstract. In this paper, we introduce the concept of Continuous ∗-g-Frame in Hilbert C∗-
Modules and we establish some results. We also discuss the stability problem for Continuous
∗-g-Frame.
1. Introduction and preliminaries
The concept of frames in Hilbert spaces has been introduced by Duffin and Schaeffer [8] in
1952 to study some deep problems in nonharmonic Fourier series, after the fundamental paper
[7] by Daubechies, Grossman and Meyer, frame theory began to be widely used, particularly in
the more specialized context of wavelet frames and Gabor frames [10].
Traditionally, frames have been used in signal processing, image processing, data compression
and sampling in sampling theory. A discreet frame is a countable family of elements in a
separable Hilbert space which allows for a stable, not necessarily unique, decomposition of an
arbitrary element into an expansion of the frame elements. The concept of a generalization
of frames to a family indexed by some locally compact space endowed with a Radon measure
was proposed by G. Kaiser [12] and independently by Ali, Antoine and Gazeau [1]. These
frames are known as continuous frames. Gabardo and Han in [11] called these frames frames
associated with measurable spaces, Askari-Hemmat, Dehghan and Radjabalipour in [2] called
them generalized frames and in mathematical physics they are referred to as coherent states
[1].
In this paper, we introduce the notion of Continuous ∗-g-Frame which are generalization of
∗-g-Frame in Hilbert C∗-Modules introduced by A.Alijani [5] and we establish some results.
The paper is organized as follows, we continue this introductory section we briefly recall the
definitions and basic properties of C∗-algebra, Hilbert C∗-modules. In Section 2, we introduce
the Continuous ∗-g-Frame, the Continuous pre-∗-g-frame operator and the Continuous ∗-g-
frame operator. In Section 3, we discuss the stability problem for Continuous ∗-g-Frame.
In the following we briefly recall the definitions and basic properties of C∗-algebra, Hilbert
A-modules. Our reference for C∗-algebras is [9, 6]. For a C∗-algebra A if a ∈ A is positive we
write a ≥ 0 and A+ denotes the set of positive elements of A.
Definition 1.1. [6]. If A is a Banach algebra, an involution is a map a → a∗ of A into itself
such that for all a and b in A and all scalars α the following conditions hold:
(1) (a∗)∗ = a.
(2) (ab)∗ = b∗a∗.
(3) (αa+ b)∗ = α¯a∗ + b∗.
Definition 1.2. [6]. A C∗-algebra A is a Banach algebra with involution such that :
‖a∗a‖ = ‖a‖2
for every a in A.
Example 1.3. B = B(H) the algebra of bounded operators on a Hilbert space, is a C∗-algebra,
where for each operator A, A∗ is the adjoint of A.
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Definition 1.4. [13]. Let A be a unital C∗-algebra and H be a left A-module, such that the
linear structures of A and H are compatible. H is a pre-Hilbert A-module if H is equipped
with an A-valued inner product 〈., .〉 : H ×H → A, such that is sesquilinear, positive definite
and respects the module action. In the other words,
(i) 〈x, x〉 ≥ 0 for all x ∈ H and 〈x, x〉 = 0 if and only if x = 0.
(ii) 〈ax+ y, z〉 = a〈x, y〉+ 〈y, z〉 for all a ∈ A and x, y, z ∈ H.
(iii) 〈x, y〉 = 〈y, x〉∗ for all x, y ∈ H.
For x ∈ H, we define ||x|| = ||〈x, x〉|| 12 . If H is complete with ||.||, it is called a Hilbert
A-module or a Hilbert C∗-module over A. For every a in C∗-algebra A, we have |a| = (a∗a) 12
and the A-valued norm on H is defined by |x| = 〈x, x〉 12 for x ∈ H.
The following lemmas will be used to prove our mains results
Lemma 1.5. [14]. Let H be Hilbert A-module. If T ∈ End∗A(H), then
〈Tx, Tx〉 ≤ ‖T ‖2〈x, x〉, ∀x ∈ H.
Lemma 1.6. [3]. Let H and K two Hilbert A-modules and T ∈ End∗(H,K). Then the following
statements are equivalent:
(i) T is surjective.
(ii) T ∗ is bounded below with respect to norm, i.e., there is m > 0 such that ‖T ∗x‖ ≥ m‖x‖
for all x ∈ K.
(iii) T ∗ is bounded below with respect to the inner product, i.e., there is m′ > 0 such that
〈T ∗x, T ∗x〉 ≥ m′〈x, x〉 for all x ∈ K.
Lemma 1.7. [4]. Let H and K two Hilbert A-modules and T ∈ End∗(H,K). Then:
(i) If T is injective and T has closed range, then the adjointable map T ∗T is invertible and
‖(T ∗T )−1‖−1 ≤ T ∗T ≤ ‖T ‖2.
(ii) If T is surjective, then the adjointable map TT ∗ is invertible and
‖(TT ∗)−1‖−1 ≤ TT ∗ ≤ ‖T ‖2.
2. Continuous ∗-g-Frame in Hilbert C∗-Modules
Let X be a Banach space, (Ω, µ) a measure space, and function f : Ω → X a measurable
function. Integral of the Banach-valued function f has defined Bochner and others. Most
properties of this integral are similar to those of the integral of real-valued functions. Because
every C∗-algebra and Hilbert C∗-module is a Banach space thus we can use this integral and
its properties.
Let (Ω, µ) be a measure space, let U and V be two Hilbert C∗-modules, {Vw : w ∈ Ω} is a
sequence of subspaces of V, and End∗A(U, Vw) is the collection of all adjointable A-linear maps
from U into Vw. We define
⊕w∈ΩVw =
{
x = {xw} : xw ∈ Vw,
∥∥∥∥
∫
Ω
|xw |2dµ(w)
∥∥∥∥ <∞
}
.
For any x = {xw : w ∈ Ω} and y = {yw : w ∈ Ω}, if the A-valued inner product is defined by
〈x, y〉 = ∫
Ω
〈xw, yw〉dµ(w), the norm is defined by ‖x‖ = ‖〈x, x〉‖ 12 , the ⊕w∈ΩVw is a Hilbert
C∗-module.
Definition 2.1. We call {Λw ∈ End∗A(U, Vw) : w ∈ Ω} a continuous ∗-g-frame for Hilbert
C∗-module U with respect to {Vw : w ∈ Ω} if
• for any x ∈ U , the function x˜ : Ω→ Vw defined by x˜(w) = Λwx is measurable;
• there exist two strictly nonzero elements A and B in A such that
A〈x, x〉A∗ ≤
∫
Ω
〈Λwx,Λwx〉dµ(w) ≤ B〈x, x〉B∗, ∀x ∈ U. (2.1)
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The elements A and B are called continuous ∗-g-frame bounds. If A = B we call this continuous
∗-g-frame a continuous tight ∗-g-frame, and if A = B = 1A it is called a continuous Parseval ∗-
g-frame. If only the right-hand inequality of (2.1) is satisfied, we call {Λw : w ∈ Ω} a continuous
∗-g-Bessel for U with respect to {Λw : w ∈ Ω} with Bessel bound B.
We mentioned that the set of all continuous g-frames in Hilbert C∗-Modules can be considered
as a subset of continuous ∗-g-frame. To illustrate this, let {Λw : w ∈ Ω} be a continuous g-
frames for Hilbert C∗-Modules U with real continuous g-frames bounds A and B. note that for
all x ∈ U ,
(
√
A)1A〈x, x〉(
√
A)1A ≤
∫
Ω
〈Λwx,Λwx〉dµ(w) ≤ (
√
B)1A〈x, x〉(
√
B)1A.
Therefore, every continuous g-frames in Hilbert C∗-Modules U with real bounds A and B is a
continuous ∗-g-frame in U with A-valued bounds (
√
A)1A and (
√
B)1A.
Example 2.2. Let Ω := N and µ be the counting measure, then a ∗-g-frame is a continuous
∗-g-frame.
Theorem 2.3. Let {Λw ∈ End∗A(U, Vw) : w ∈ Ω} be a continuous ∗-g-frame for U , with lower
and upper bounds A and B, respectively. The continuous ∗-g-frame transform T : U → ⊕w∈ΩVw
defined by: Tx = {Λwx : w ∈ Ω} is injective, closed range adjointable and ‖T ‖ ≤ ‖B‖. The
adjoint operator T ∗ is surjective and it given by: T ∗x =
∫
Ω
Λ∗wxwdµ(w) where x = {xw}w∈Ω.
Proof. Let x ∈ U , by the definition of a continuous ∗-g-frame for U we have
A〈x, x〉A∗ ≤
∫
Ω
〈Λwx,Λwx〉dµ(w) ≤ B〈x, x〉B∗.
So
A〈x, x〉A∗ ≤ 〈Tx, Tx〉 ≤ B〈x, x〉B∗. (2.2)
If Tx = 0 then 〈x, x〉 = 0 so x = 0 i.e. T is injective.
We now show that the range of T is closed. Let {Txn}n∈N be a sequence in the range of T
such that limn→∞ Txn = y.
By (2.2) we have, for n,m ∈ N,
‖A〈xn − xm, xn − xm〉A∗‖ ≤ ‖〈T (xn − xm), T (xn − xm)〉‖ = ‖T (xn − xm)‖2.
Since {Txn}n∈N is Cauchy sequence in U ,
‖A〈xn − xm, xn − xm〉A∗‖ → 0, as n,m→∞.
Note that for n,m ∈ N,
‖〈xn − xm, xn − xm〉‖ = ‖A−1A〈xn − xm, xn − xm〉A∗(A∗)−1‖
≤ ‖A−1‖2‖A〈xn − xm, xn − xm〉A∗‖.
Therefore the sequence {xn}n∈N is Cauchy and hence there exists x ∈ U such that xn → x as
n→∞. Again by (2.2) we have ‖T (xn − x)‖2 ≤ ‖B‖2‖〈xn − x, xn − x〉‖.
Thus ‖Txn − Tx‖ → 0 as n → ∞ implies that Tx = y. It concludes that the range of T is
closed.
For all x ∈ U , y = {yw} ∈ ⊕w∈ΩVw, we have
〈Tx, y〉 =
∫
Ω
〈Λwx, yw〉dµ(w) =
∫
Ω
〈x,Λ∗wyw〉dµ(w) =
〈
x,
∫
Ω
Λ∗wywdµ(w)
〉
.
Then T is adjointable and T ∗y =
∫
Ω
Λ∗wywdµ(w).
By (2.2) we have ‖Tx‖2 ≤ ‖B‖2‖x‖2 so ‖T ‖ ≤ ‖B‖.
By (2.2) we have ‖Tx‖ ≥ ‖A−1‖−1‖x‖ ∀x ∈ U so by lemma 1.6 T ∗ is surjective. This
completes the proof. 
Now we define the continuous ∗-g-frame operator and studies some of its properties.
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Definition 2.4. Let {Λw ∈ End∗A(U, Vw) : w ∈ Ω} be a continuous ∗-g-frame for U . Define
the continuous ∗-g-frame operator S on U by: Sx = T ∗Tx = ∫
Ω
Λ∗wΛwxdµ(w).
Theorem 2.5. The continuous ∗-g-frame operator S is a bounded, positive, selfadjoint, invert-
ible and ‖A−1‖−2 ≤ ‖S‖ ≤ ‖B‖2.
Proof. First we show, S is a selfadjoint operator. By definition we have ∀x, y ∈ U
〈Sx, y〉 =
〈∫
Ω
Λ∗wΛwxdµ(w), y
〉
=
∫
Ω
〈Λ∗wΛwx, y〉dµ(w)
=
∫
Ω
〈x,Λ∗wΛwy〉dµ(w)
=
〈
x,
∫
Ω
Λ∗wΛwydµ(w)
〉
= 〈x, Sy〉.
Then S is a selfadjoint.
By Lemma 1.7 and Theorem 2.3, S is invertible. Clearly S is positive.
By definition of a continuous ∗-g-frame we have
A〈x, x〉A∗ ≤
∫
Ω
〈Λwx,Λwx〉dµ(w) ≤ B〈x, x〉B∗.
So
A〈x, x〉A∗ ≤ 〈Sx, x〉 ≤ B〈x, x〉B∗.
This give
‖A−1‖−2‖x‖2 ≤ ‖〈Sx, x〉‖ ≤ ‖B‖2‖x‖2, ∀x ∈ U.
If we take supremum on all x ∈ U , where ‖x‖ ≤ 1, then ‖A−1‖−2 ≤ ‖S‖ ≤ ‖B‖2. 
Theorem 2.6. Let {Λw ∈ End∗A(U, Vw) : w ∈ Ω} be a continuous ∗-g-frame for U , with
lower and upper bounds A and B, respectively and with the continuous ∗-g-frame operator S.
Let T ∈ End∗A(U) be invertible. Then {ΛwT : w ∈ Ω} is a continuous ∗-g-frame for U with
continuous ∗-g-frame operator T ∗ST .
Proof. We have
A〈Tx, Tx〉A∗ ≤
∫
Ω
〈ΛwTx,ΛwTx〉dµ(w) ≤ B〈Tx, Tx〉B∗, ∀x ∈ U. (2.3)
Using Lemma , we have ‖(T ∗T )−1‖−1〈x, x〉 ≤ 〈Tx, Tx〉, ∀x ∈ U . Or ‖T−1‖−2 ≤ ‖(T ∗T )−1‖−1.
This implies
‖T−1‖−1A〈x, x〉(‖T−1‖−1A)∗ ≤ A〈Tx, Tx〉A∗, ∀x ∈ U. (2.4)
And we know that 〈Tx, Tx〉 ≤ ‖T ‖2〈x, x〉, ∀x ∈ U . This implies that
B〈Tx, Tx〉B∗ ≤ ‖T ‖B〈x, x〉(‖T ‖B)∗, ∀x ∈ U. (2.5)
Using (2.3), (2.4), (2.5) we have
‖T−1‖−1A〈x, x〉(‖T−1‖−1A)∗ ≤
∫
Ω
〈ΛwTx,ΛwTx〉dµ(w) ≤ B‖T ‖〈x, x〉(B‖T ‖)∗, ∀x ∈ U.
(2.6)
So {ΛwT : w ∈ Ω} is a continuous ∗-g-frame for U .
Moreover for every x ∈ U , we have
T ∗STx = T ∗
∫
Ω
Λ∗wΛwTxdµ(w) =
∫
Ω
T ∗Λ∗wΛwTxdµ(w) =
∫
Ω
(ΛwT )
∗(ΛwT )xdµ(w).
This completes the proof. 
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Corollary 2.7. Let {Λw ∈ End∗A(U, Vw) : w ∈ Ω} be a continuous ∗-g-frame for U , with
continuous ∗-g-frame operator S. Then {ΛwS−1 : w ∈ Ω} is a continuous ∗-g-frame for U .
Proof. Result the next theorem by taking T = S−1. 
3. Stability problem for Continuous ∗-g-Frame in Hilbert C∗-Modules
In 1940, Ulam [18] proposed the general Ulam stability problem :
Let (G1, .) be a group and let (G2, ., d) be a metric group with the metric d. Given δ > 0,
does there exist ǫ > 0 such that if a mapping f : G1 → G2 satisfies the inequality
d(f(xy), f(x)f(y)) ≤ δ
for all x, y ∈ G1, then there is a homomorphism h : G1 → G2 with
d(f(x), h(x)) ≤ ǫ
for all x ∈ G1?
In 1941, Hyers [16] considered the case of approximately additive mappings f : E1 → E2,
where E1 and E2 are Banach spaces and f satisfies Hyers inequality
‖f(x+ y)− f(x)− f(y)‖ ≤ ǫ
for all x, y ∈ E1 and ǫ > 0. He proved that there exists a unique additive mapping T : E1 → E2
satisfying
‖f(x)− T (x)‖ ≤ ǫ
for all x ∈ E1. Ageneralized solution to Ulam’s problem for approximately linear mappings was
proved by Th.M Rassias [17] in 1978. Th.M Rassias considered a mapping f : E1 → E2 such
that t→ f(tx) is continuous in t for each fixed x. Assume that there exist θ ≥ 0 and 0 ≤ p < 1
such that
‖f(x+ y)− f(x)− f(y)‖ ≤ θ(‖x‖p + ‖y‖p), x, y ∈ E1.
Then there exists a unique linear mapping T : E1 → E2 such that
‖f(x)− T (x)‖ ≤ 2θ
2− 2p ‖x‖
p
, x, y ∈ E1.
Thus, the Hyers’ Theorem follows as a special case of Th.M. Rassias’ Theorem for p = 0. Th.M.
Rassias’ proof of his Theorem [17] applies as well for all real values of p that are strictly less
than zero.
In 1994, P.Gavruta [15] provided a generalization of Th.M. Rassias’ Theorem for the un-
bounded Cauchy difference and introduced the concept of generalized Hyers-Ulam-Rassias sta-
bility in the spirit of Th.M. Rassias approach.
Theorem 3.1. Let {Λw ∈ End∗A(U, Vw) : w ∈ Ω} be a continuous ∗-g-frame for U , with lower
and upper bounds A and B, respectively. Let Γw ∈ End∗A(U, Vw) for any w ∈ Ω. Then the
following are equivalent:
(1) {Γw ∈ End∗A(U, Vw) : w ∈ Ω} is a continuous ∗-g-frame for U .
(2) There exists a constant M > 0, such that for any x ∈ U , one has
∥∥∥∥
∫
Ω
〈(Λw − Γw)x, (Λw − Γw)x〉dµ(w)
∥∥∥∥
≤M min
(∥∥∥∥
∫
Ω
〈Λwx,Λwx〉dµ(w)
∥∥∥∥,
∥∥∥∥
∫
Ω
〈Γwx,Γwx〉dµ(w)
∥∥∥∥
)
. (3.1)
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Proof. (1) ⇒ (2). Suppose that {Γw ∈ End∗A(U, Vw) : w ∈ Ω} is a continuous ∗-g-frame for U
with lower and upper bounds C and D, respectively. Then for any x ∈ U , we have
∥∥∥∥
∫
Ω
〈(Λw − Γw)x, (Λw − Γw)x〉dµ(w)
∥∥∥∥
1
2
=
∥∥{(Λw − Γw)x}w∈Ω∥∥
≤
∥∥{Λwx}x∈Ω∥∥+ ∥∥{Γwx}x∈Ω∥∥
=
∥∥∥∥
∫
Ω
〈Λwx,Λwx〉dµ(w)
∥∥∥∥
1
2
+
∥∥∥∥
∫
Ω
〈Γwx,Γwx〉dµ(w)
∥∥∥∥
1
2
≤ ‖B‖‖〈x, x〉‖ 12 +
∥∥∥∥
∫
Ω
〈Γwx,Γwx〉dµ(w)
∥∥∥∥
1
2
≤ ‖B‖‖C−1‖
∥∥∥∥
∫
Ω
〈Γwx,Γwx〉dµ(w)
∥∥∥∥
1
2
+
∥∥∥∥
∫
Ω
〈Γwx,Γwx〉dµ(w)
∥∥∥∥
1
2
=
(
‖B‖‖C−1‖+ 1
)∥∥∥∥
∫
Ω
〈Γwx,Γwx〉dµ(w)
∥∥∥∥
1
2
.
Similary we have
∥∥∥∥
∫
Ω
〈(Λw − Γw)x, (Λw − Γw)x〉dµ(w)
∥∥∥∥
1
2
≤
(
‖D‖‖A−1‖+ 1
)∥∥∥∥
∫
Ω
〈Λwx,Λwx〉dµ(w)
∥∥∥∥
1
2
.
Let M = min
{(
‖B‖‖C−1‖+ 1
)2
,
(
‖D‖‖A−1‖+ 1
)2}
, then the inequality (3.1) holds.
(2)⇒ (1). Suppose that the inequality (3.1) holds. For any x ∈ U , we have
‖A−1‖−1‖〈x, x〉‖ 12 ≤
∥∥∥∥
∫
Ω
〈Λwx,Λwx〉dµ(w)
∥∥∥∥
1
2
≤
∥∥∥∥
∫
Ω
〈(Λw − Γw)x, (Λw − Γw)x〉dµ(w)
∥∥∥∥
1
2
+
∥∥∥∥
∫
Ω
〈Γwx,Γwx〉dµ(w)
∥∥∥∥
1
2
≤M 12
∥∥∥∥
∫
Ω
〈Γwx,Γwx〉dµ(w)
∥∥∥∥
1
2
+
∥∥∥∥
∫
Ω
〈Γwx,Γwx〉dµ(w)
∥∥∥∥
1
2
=
(
1 +M
1
2
)∥∥∥∥
∫
Ω
〈Γwx,Γwx〉dµ(w)
∥∥∥∥
1
2
.
Also we obtain
∥∥∥∥
∫
Ω
〈Γwx,Γwx〉dµ(w)
∥∥∥∥
1
2
≤
∥∥∥∥
∫
Ω
〈(Λw − Γw)x, (Λw − Γw)x〉dµ(w)
∥∥∥∥
1
2
+
∥∥∥∥
∫
Ω
〈Λwx,Λwx〉dµ(w)
∥∥∥∥
1
2
≤M 12
∥∥∥∥
∫
Ω
〈Λwx,Λwx〉dµ(w)
∥∥∥∥
1
2
+
∥∥∥∥
∫
Ω
〈Λwx,Λwx〉dµ(w)
∥∥∥∥
1
2
=
(
1 +M
1
2
)∥∥∥∥
∫
Ω
〈Λwx,Λwx〉dµ(w)
∥∥∥∥
1
2
≤ (1 +M 12 )‖B‖‖〈x, x〉‖ 12 .
So {Γw ∈ End∗A(U, Vw) : w ∈ Ω} is a continuous ∗-g-frame for U . 
CONTINUOUS ∗-G-FRAME IN HILBERT C∗-MODULES 7
References
1. S. T. Ali, J. P. Antoine, J. P. Gazeau, Continuous frames in Hilbert spaces, Annals of Physics 222 (1993),
1-37.
2. A. Askari-Hemmat, M. A. Dehghan, M. Radjabalipour, Generalized frames and their redundancy, Proc.
Amer. Math. Soc. 129 (2001), no. 4, 1143-1147.
3. L. Arambasˇic´, On frames for countably generated Hilbert C∗-modules, Proc. Amer. Math. Soc. 135 (2007)
469-478.
4. A.Alijani,M.Dehghan, ∗-frames in Hilbert C∗modules,U. P. B. Sci. Bull. Series A 2011.
5. A.Alijani, Generalized Frames with C∗-Valued Bounds and their Operator Duals,Filomat 29:7, 14691479
DOI 10.2298/FIL1507469A (2015).
6. J.B.Conway ,A Course In Operator Theory,AMS,V.21,2000.
7. I. Daubechies, A. Grossmann, and Y. Meyer, Painless nonorthogonal expansions, J. Math. Phys. 27 (1986),
1271-1283.
8. R. J. Duffin, A. C. Schaeffer, A class of nonharmonic fourier series, Trans. Amer. Math. Soc. 72 (1952),
341-366.
9. F. R. Davidson, C∗-algebra by example,Fields Ins. Monog. 1996.
10. D. Gabor, Theory of communications, J. Elec. Eng. 93 (1946), 429-457.
11. J. P. Gabardo and D. Han, Frames associated with measurable space, Adv. Comp. Math. 18 (2003), no. 3,
127-147.
12. G. Kaiser, A Friendly Guide to Wavelets, Birkhauser, Boston, 1994.
13. I. Kaplansky, Modules over operator algebras,Amer. J. Math. 75 (1953), 839-858.
14. W. Paschke, Inner product modules over B∗-algebras, Trans. Amer. Math. Soc., (182)(1973), 443-468.
15. P. Gaˇvruta, A generalization of Hyers-Ulam-Rassias Stability of the approximately additive mappings, J.
Math. Anal. App. 184 (1994), 431-436.
16. D.H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci. U.S.A.27 (1941),
222–224.
17. Th. M. Rassias, On the stability of the linear mapping in Banach spaces. Proc. Amer. Math. Soc., 72 (1978),
297-300.
18. S.M. Ulam, A Collection of Mathematical Problems, Interscience Publ. New York, 1968.
Department of Mathematics
University of Ibn Tofail
B.P.133 Kenitra, Morocco
E-mail address: rossafimohamed@gmail.com
Department of Mathematics
University of Ibn Tofail
B.P.133 Kenitra, Morocco
E-mail address: samkabbaj@yahoo.fr
